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INTRODUCTION

Let P, denote the set of polynomials of degree at most #, and let 0, be
the subset of P, consisting of p € P,, which satisfy

IP(Y)J)I = 19 .] = 07"': n, (1)
where

n; = cos(jnfn), j=0,..,n

We conjectured [3] that if p € O, has n simple zerosin [—1, 1]thenp = 4T, ,
T.(x) being the Chebyshev polynomial of degree »n. This conjecture was
recently proved by DeVore [1]. Our purpose here is to present a different
and self-contained proof of a generalization of our conjecture, and to give
another characterization of the Chebyshev polynomials which complements
that of DeVore. We shall also give the application to the theory of numerical
integration which suggested the original conjecure.

1. Two CHARACTERIZATIONS OF CHEBYSHEV POLYNOMIALS
Our generalization of DeVore [1] is Theorem 1.

TueoreMm 1. Ifp € Q, has all its zeros in the (lemniscatic) set of the complex
plane

§S={/|1 -T2 DI <1}
thenp = +T,.
Proof. Let
@) = a(z — z;) (2 — zp)-
420
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Then,
L= |p(yg) = p(w)l-+ | (70 *** PNyl
= a1 Tl b= =)| - 1a 2 1| T e — )
j=11 =0 j=1 ! =1

La >

= Jeszenp L H (1 — 2z [T/ @)

i a l ‘ a |2n
= 3D | H |1 — TXz) < 22n(n 1>

where we have used the identity (1 — z3)[7,/(2)]? = »*(1 — T, 4(z)). Thus
we have
lal =201

However, considering the divided difference of p at the 7, yields

& = Dl ,mf—_z”( 1Y plng),

=0

(the double prime on the sum means that the terms corresponding to j = 0
and j = n are to be halved) and so | a| < 27, with equality possible if,
and only if p(n;) = +(—1),j = 0,...,n, that is, if, and only if, p = 7.

Remark. The interval [—1, 1]1s a subset of S.
Note that the condition (1) can be written as

LpO)) =1 Tumpl,  j=0,.,5

This suggests the following companion piece to Theorem 1.
TeEOREM 2. Ifp € P, satisfies

lp/(gg)[ — I Tn’(ff)L .] = 19--'7 n, (2)

where

2j — 1
(2j )77,]

&; = cos o

=1,..,n,

and p' has all its zeros in the set of the complex plane

= {z]| T(z)] <1},
then p’ = +T, .
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Proof.  Since | T,/(§)| = nj(1 — £7)'/* and

[l go] " = [ B0 IZED

j=1

(2) implies that if p'(z) = ¢(z — z) *** (z — z,_;) then

n—-1
2" n (§J - Zz)
j=1 4=l
n—1
n | T(z:)| lel®
= lel g 2"(—1 < 2a-1)2
Hence, [ ¢ | = n27L

However,

¢ = PG ) =27 % L

yielding | ¢ | < n271, with equality possible if, and only if, p'(§;) = €T,'(§;)
(where ¢ = +1),j = 1,..., n, that is, if, and only if, p’ = 4+-T/.

Remark. The interval [—1, 1] is a subset of V.

2. AN APPLICATION TO NUMERICAL INTEGRATION

In Micchelli and Rivlin [2] we gave numerical integration formulae of
highest degree of precision for

4,0 =2[ 109 T Lo

namely,

AL = 5 2 f0) fePu, ®
and

40 =53 ;%“g) S P @

We observed in [2] that while there is no formula

A = Y [a:f () + b f(x)] ®)

=1
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valid for f e Py, (hence (4) is of highest degree of precision) we did not know
(for n = 4) if (4) was the unique formula of the form (5), having all its nodes
[—1, 1], and valid for fe P, , . However, with Theorem 1 at our disposal
we can establish the uniqueness of (4). To this end we use the following.

Lemva. There exist ay ..., 4y ; by ,..., by, such that (5) is valid for fe Py, 4
if, and only if, upon putting
W(x) = (x — xp)  (x — Xa),
we have

(w)w(D)) € Q.

Proof. (5) holds for fe P,, , if, and only if,

[ 9269509 100 (=5 = 0. < Pas. ©®

Hence, in view of (3), (6) holds if, and only if,

(1Y p(ns) win) = O, pe Poy. ™

i=0

As a consequence of (3) and the orthogonality of the Chebyshev polynomials
we have

Y1V pm) =0, pePuy. ®

Subtracting (8) from (7) yields

n~1

20 p(n) (1Y W) — wi D] =0, peP,, ©

(the prime on the sum means that the term corresponding to j = 0 is to be
halved) which is, therefore, equivalent to (6). Thus if {w(x}w(DleC,,
(9) holds and there exists a formula (5) valid for fe Pg,_; . Also if (9) holds,
then if we take p in (9) to be 1, x,..., x* !, successively, we obtain
a homogeneous system of » linear equations with nonzero determinant.
Thus w¥(y;) = w¥n,), j = 0,...,n — 1. Since wiy,) #* 0, for otherwise w
has n + 1 zeros, we see that

w@)w(1) € @, -
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‘We now have

THeEOREM 3. The only numerical integration formula of the form (5) valid
Jorfe Py, withx;€8,i = 1,..., n, is (4).

Proof. If (5) with x; €8, i = 1,..., n is valid for fe P;,_, then according
to the lemma, [w(x)/w(1)] € Q,, and hence by Theorem 1, x; = §;,7i = 1,..., n,
(possibily after renumbering the x;). For some fixed j, 1 <<j < nletg; € Py,
satisfy

ga(fz) = 82’7’ 5 i = 1:-"5 n,
gi'(§) =0, i=l.,n

Putting /' = g; in (4) yields 4,(g;) = o, while substituting g; for fin (5) now
gives @; =0. Thus a;, =0, j=1,..,n and as we showed in [2],
b; = [nT,/(ENT i = 1,..., 1

We conclude with the observation that if we allow nodes outside of S, (4)
need not be unique. For example, when n == 2, consider w(x) = x? + x — 1.
Since [w(x)/w(1)] € Q, , its zeros x; = —(1 + V/3)/2and x, = (—1 -+ V/3)/2
are the nodes of a quadrature formula (5) for 4,( f) exact for fe Py, in view
of the Lemma. However x; ¢ § = {z/| 423(1 — z%)| << 1}.
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